Abstract. Let W m be the Witt ring of length m, ψ 0 a character of W m (F p ) into Q of exact order p m , and ψ the lift of ψ 0 to W m (F q ). Let J be a subset of {1, · · · , n}, f a nonzero morphism
Introduction
Let p be a prime number, and q = p a a power of p. Let W m be the Witt ring scheme of length m over F p , ψ 0 a character of W m (F p ) into Q of exact order p m , and ψ = ψ 0 • Tr Wm(Fq)/Wm(Fp) the lift of ψ 0 to W m (F q ). Let X be a scheme of finite type over F q , and f a morphism from X to W m defined over F q . To f we associate the exponential sums
As usual, these sums are encoded into an L-function L(f, T ) = exp(
When m = 1, it reduces to the L-function associated to exponential sums in finite fields. Exponential sums are closely related to convex polyhedra. Let ∆ ∋ 0 be a convex polyhedron.
We denote by L(∆) the set of integral points in the cone
k∆. There is a degree function h ∆ (i)t i . We denote this polynomial by p ∆ (t). We may add extra structure to ∆. We assume that ∆ ⊂ Q n . A subset J of {1, 2, · · · , n} is called a positivity structure of ∆ if u j ≥ 0 for all j ∈ J whenever (u 1 , . . . , u n ) ∈ ∆. Let J be a positivity structure of ∆. We call (∆, J) commode if dim(∆ C ) = n − |C| for all C ⊂ J. We define 
Let J be a subset of {1, · · · , n}. We shall study exponential sums with morphisms over F q (of
G a to W m as arguments. As W m is a ring scheme, these morphisms form a ring. Let f be a nonzero morphism over
be the coordinate morphism from W m to the affine m-space. We call f a monomial with index (i, u) and coefficientā iu if p i • f =ā iu x u , and p j • f = 0 when j = i. In the ring of morphisms
G a to W m , every nonzero element can be uniquely decomposed into a sum of monomials, none of which shares the same index with another. This can be proved by induction on n. Monomials appearing in the decomposition of f are called monomials of f . Indices of monomials of f are called indices of f . If (i, u) is an index of f , we call p m−i−1 u an exponent of f corresponding to (i, u). The Newton polyhedron of f is the convex hull in Q n of 0 and the exponents of f . Let ∆ be the Newton polyhedron of f . It is obvious that J is a positivity structure of ∆. We call f commode if (∆, J) is.
For i = 1, · · · , m − 1, we writef i = uā iu x u , where the summation is over u such that (i, u) is an index of f , andā iu is the coefficient of the monomial of f with index (i, u). And writef 0 i for the leading term off i , which is viewed as an element in the graded ring F q [L(∆)]. Let σ be the Frobenius of F q over F p . It acts on a (Laurent) power polynomial with coefficients in F q by acting on its coefficients. For k = 1, · · · , n, we define
We call f regular with respect to ∆ if for every face τ of ∆ that does not contain 0, the Laurent polynomials 1 f τ , · · · , n f τ have no common zeros in F × q , where k f τ is the sum of monomials of k f whose exponents lie in τ . The main result of this paper is the following proposition. The proposition generalizes some results by ) on exponential sums in finite fields. It also generalizes some of the results by Kumar-Helleseth-Calderbank ([KHC] ) and W.-C. W. Li ([Li] ) on exponential sums in one variable associated to characters of Witt rings, which find applications in coding theory. The proof of the proposition is based on the p-adic method set up by Dwork ([Dw, Dw2] ) and developed by Bombieri ([Bo, Bo2] ), Monsky ([Mo] ), AS2] ), and others. Only a few new ideas are needed in the study of the Newton polygon of the L-function. Our attempt to study exponential sums associated to characters of Witt rings via the p-adic method comes from our observation that the Artin-Hasse exponential series produces all roots of unity of p-power order.
Acknowledgement. 2 A preliminary form of Dwork trace formula
be the Artin-Hasse exponential series. With the following lemma one can hardly resist the temptation to get a Dwork trace formula for exponential sums associated to characters of Witt rings.
That is exactly what we shall do in this section and the next one.
Lemma 2.1 If l is a positive integer, and π is a root of
The lemma is proved.
Lemma 2.2 Let l be a positive integer. Then the Artin-Hasse exponential series induces a bijection π → E(π) from the set of roots of
to the set of all primitive p l -th roots of unity in Q p .
Proof. The field generated over Q p by the set of roots of
is precisely Q p (µ p l ) (µ r denotes the group of r-th roots of unity) since it contains Q p (µ p l ) by the preceding lemma, and is of degree no greater than
maps the set of roots of
onto the set of all primitive p l -th roots of unity in Q p . It is a bijection as
by Weierstrass' Preparation Theorem.
By the above lemma, we may choose, for each
which, combined with the equality E(
Lemma 2.3 If k is a positive integer, and x
Proof. As
The equality in the lemma is obtained by setting t = π l .
, where a iu is the Teichmüller lift ofā iu withā iu being the coefficient of the monomial of f with index (i, u). For real numbers b and c, we write
The Frobenius σ of F q over F p lifts to be the Frobenius of Q p [µ q−1 ] over Q p , and extends to Q p [π m , µ q−1 ] by fixing π m . Furthermore, it acts on a (Laurent) power series with coefficients in Q p [π m , µ q−1 ] by acting on its coefficients. It follows from the above lemma that
where x is the Teichmüller lift ofx, i.e. each coordinate of x is the Teichmüller lift of the corresponding coordinate ofx. This gives the following preliminary form of Dwork trace formula.
Proposition 2.4 Let J ⊂ {1, · · · , n}, and f a nonzero morphism over 
Dwork trace formula in homology
Let ∆ ∋ 0 be a convex polyhedra, J a positivity structure of ∆, and π a D(∆)-th root of π m in Q p . In rigid geometry one associates to ∆ the rinĝ
Let e 1 , . . ., e n be the standard basis of Z n over Z. We write
we writeB(∆, C) for the subset ofB(∆) consisting of power series whose monomials are divided by i∈C x i . LetD 1 , . . . ,D n be a sequence of commuting operators onB(∆). It is called J-admissible ifD j (B(∆)) ⊂B(∆, {j}) for all j ∈ J. LetD 1 , . . . ,D n be a J-admissible sequence of commuting operators onB(∆). The Koszul complex onB(∆) with respect to J formed fromD 1 , . . . ,D n is the sequence {K l (∆, J) = A⊂{1,··· ,n},|A|=lB
with the derivationsK l (∆, J) →K l−1 (∆, J) defined by the formula
We denote this complex by (K(∆, J), 
∂xn + n f form a J-admissible sequence of commuting operators onB(∆). We denote this sequence byD 1 , . . . ,D n from now on. In this section we shall prove the Dwork trace formula, which, in the chain level, expresses the exponential sum associated to f as the trace of the Dwork operator acting on the Koszul complex
). We now proceed to define the Dwork operator on the complex (K(∆, J),
u∈L(∆) a u x pu be an operator on (Laurent) power series with coefficients in
by fixing π, and acts on a power series by acting on the coefficients). It has a left inverse α 0 = E −1
α 0 operates onB(∆) . It induces maps onK l (∆, J) (l = 0, · · · , n) sending ge A to p l α 0 (g)e A . These maps commute with the derivations of the complex (K(∆, J), {D i } n i=1 ). Therefore α 0 operates on that complex. The Dwork operator is defined to be α = α a
Proof. We write
By the preliminary form of Dwork trace formula, we have
where s((u 1 , . . . , u n )) = #{j ∈ J : u j = 0}. On the other hand, noting that
we have
The proposition is now proved. The above proposition is the chain-level Dwork trace formula. It immediately gives the homological Dwork trace formula.
Corollary 3.2 If J ⊂ {1, · · · , n} and f is a morphism over
Equivalently,
Acyclicity of Koszul complexes
Let ∆ ∋ 0 be a convex polyhedra, and J a positivity structure of ∆. If C ⊂ J, we writeB(∆, C) for the subset of defined by the formula
We denote this complex by (K(∆, J),
and ∆ its
Newton polyhedron. We assume that f is commode and regular with respect to ∆. In this section we shall prove the acyclicity of the Koszul complex (K(∆, J), {D i } n i=1 ), which gives the second item of Proposition 1.1 when combined with the homological Dwork trace formula.
From now on we writeD i = x i ∂ ∂x i + i f , i = 1, · · · , n. It is obvious thatD 1 , . . . ,D n form a J-admissible sequence of commuting operators on F q [L(∆)]. As in the classical situation the acyclicity of the Koszul complex (K(∆, J),
) is reduced to the acyclicity of the Koszul complex (K(∆, J), {D i } n i=1 ). With the following lemma, we can modify the corresponding arguments in the classical situation to prove the acyclicity of the Koszul complex (K(∆, J), Proof. There are {i 1 , . . . , i r } ⊂ {1, · · · , n} and ( 
Corollary 4.3 The Poincaré series of
For C ⊂ J, we define f C to be the restriction of f to
If j ∈ J, we have a short exact sequence of complexes
This short exact sequence allows us to deduce the following proposition from Proposition 4.2 and Corollary 4.3 by induction on |J|.
) is acyclic at positive dimensions, and the Poincaré series ofB(∆, J)/ n j=0 j f 0B (∆, J \ {j}) equals p ∆,J (t).
) is acyclic at positive dimensions.
Proof. In a given a homology class of positive dimension, we choose one representative ξ of lowest degree. We claim that ξ = 0. Otherwise, let ξ 0 be the leading term of ξ. We have∂ 0 (ξ 0 ) = 0 since it is the leading term of∂(ξ) = 0, where∂ 0 (resp.∂) is the derivation of (K(∆, J),
. By the acyclicity of (K(∆, J), { j f 0 } n j=1 ), ξ 0 =∂ 0 (η) for some η. The form ξ −∂(η) is now of lower degree than ξ, contradicting to our choice of ξ. The proposition is proved.
Let V be the orthogonal complement of
Proposition 4.6 We haveB
Proof. Let∂ 0 (resp.∂ be the derivation of (K(∆, J),
If there are elements ofB(∆, J) which do not belong to V + Im∂ we choose one of lowest degree. We may suppose that it is of form∂ 0 (ξ). Let ξ 0 be the leading term of ξ. Then∂ 0 (ξ)−∂(ξ 0 ) does not belong to V + Im∂, and is of lower degree than ∂ 0 (ξ). This is a contradiction. SoB(∆, J) = V + Im∂. It remains to show that ξ = 0 whenever ξ ∈ V ∩ Im∂. Otherwise, we may choose one element ζ of lowest degree such that ξ =∂(ζ). Let ζ 0 be the leading term of ζ. Then∂ 0 (ζ 0 ) ∈ V since it is the leading term of∂(ζ). So we have∂ 0 (ζ 0 ) = 0. By the acyclicity of (K(∆, J), { j f 0 } n j=1 ), ζ 0 =∂ 0 (η) for some η. The form ζ −∂(η) is now of lower degree than ζ, contradicting to our choice of ζ. This completes the proof of the proposition.
We now proceed to prove the acyclicity of the Koszul complex (K(∆, J),
is a ring homomorphism (ā u being the reduction of a u modulo π).
), it gives rise to the short exact sequence of complexes
Let E be a subset of L(∆) such that x u , u ∈ E form a basis of V , and V the Z p [µ q−1 , π]-module generated by π D(∆) deg(u)p m−1 x u , u ∈ E. By Propositions 4.5-6, and [Mo, Theorem 8 .5], we have the following proposition.
) is acyclic at positive dimensions, and
Combined the above proposition with the homological Dwork trace formula, we get the following corollary, which implies the first item of Proposition 1.1.
Corollary 4.8 We have
iB (∆ \ {i})).
The Newton polygon of the L-function
Let ∆ ∋ 0 be a convex polyhedra, and J a positivity structure of ∆. We now associate to ∆ the ring with the derivations K l (∆, J) → K l−1 (∆, J) defined by the formula
,
Proof. It is easy to see that D 1 , · · · , D n form a J-admissible sequence of commuting operators on B(∆). From Propositions 4.5-6, [Mo, Theorem 8.5] , and the short exact sequence of complexes
) is acyclic at positive dimensions, and that
) its homogeneous part of degree v, and k v the least integer such that ord p (π kv ) ≥ bv + c. Then π D(∆)vp m−1 −kv ξ v ∈ B(∆, J). So we may write
It is easy to see that the first term on the right-hand side converges to an element in V (b, c), and the inner sum in the second term converges to an element in
. This completes the proof of the lemma.
Lemma 5.2 For real numbers b and c with
By the previous lemma and induction, we can find a sequence
This completes the proof of the lemma.
The following corollary now follows from the above lemma and the arguments in the proof of [Dw, Lemma 3.6 ].
Corollary 5.3 For real numbers b and c with
With this corollary, we can modify the corresponding arguments in [AS2] and [Dw2] to prove the following proposition, which, combined with Corollary 4.8, gives the second item of Proposition 1.1. 
The purity of the L-function
In this section we shall study the purity of the L-function L(f, T ), and completes the proof of Proposition 1.1. We need to understand a bit more about the Hodge polygon of a convex polyhedron with a positivity structure. Let ∆ ∋ 0 be a convex polyhedron in Q n , J a positivity structure of ∆, (V ∆,J , U ∆,J ) the endpoint of HP (∆, J) other than (0, 0), and S ∆ the sum of the volumes of all (n − 1)-dimensional faces of ∆ which contain 0. We assume that (∆, J) is commode.
Lemma 6.1 We have V ∆,J = C⊂J (−1) |C| (n − |C|)!Vol(∆ C ), and
Vol(∆ C )).
In particular, U ∆,J = n − 1 .
On the other hand, by [AS, ],
)W ∆ (i) = n!Vol(∆) x n+1 (n + 1)! + (n − 1)! 2 S ∆ x n n! + O(x n−1 ).
The lemma now follows.
Remark. The equality nD(∆) i=0
h ∆ (i) = n!Vol(∆) is due to Kouchnirenko (see [Ko, Lemma 2.9] ).
We now let J ⊂ {1, · · · , n}, f a nonzero morphism over F q from X = n i=1,i ∈J G m × i∈J G a to W m , ∆ its Newton polyhedron, and F the Frobenius on X. We assume that 0 is an interior point of ∆ J , and f is commode and regular with respect to ∆. The following lemma, when combine with Corollary 4.8, gives the last item of Proposition 1.1. for some overconvergent rank-one F -isocrystal M on X which is pure of weight 0. By [Ke, Theorem 5.6 .2], the Frobenius F on H n rig (X, M ) is of mixed weight ≥ n. It follows that the eigenvalues α i (i = 1, · · · , V ∆,J ) of q n F −1 on H n rig (X, M ) satisfy |α i | ≤ q n/2 . So, by Lemma 6.1,
It is known that the eigenvalues α i are l-adic units when l is a prime different from p. So, by Proposition 5.4 and the product formula, we have
|α i | ≥ q U ∆,J . It follows that all the eigenvalues α i have absolute value q n/2 . This completes the proof of the lemma.
